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a b s t r a c t
Hypergroups are generalizations of groups. If this binary operation is taken to be
multivalued, then we arrive at a hypergroup. The motivation for generalization of the
notion of group resulted naturally from various problems in non-commutative algebra,
another motivation for such an investigation came from geometry. In various branches
of mathematics we encounter important examples of topologico-algebraical structures
like topological groupoids, groups, rings, fields etc. In this contribution various kinds
of continuity of hyperoperations will be introduced, namely pseudocontinuous, strongly
pseudocontinuous and continuous hyperoperations. Further, the relationship between
them is studied. Our aim is to generalize the concept of topological groupoid to topological
hypergroupoid.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
In various branches of mathematics we encounter important examples of topologico-algebraical structures like
topological groupoids, groups, rings, fields etc. Our aim is to generalize the concept of topological groupoid to topological
hypergroupoid. Some results of this type can be found in [1].
Hypergroups are generalizations of groups (set with a binary operation on it satisfying a number of conditions). If this
binary operation is taken to bemultivalued, thenwearrive at a hypergroup. Themotivation for generalization of the notion of
group resulted naturally from various problems in non-commutative algebra, another motivation for such an investigation
came from geometry. The theory of hypergroups, born in 1934 with Marty’s paper at the VIII Congress of Scandinavian
Mathematicians in Stockholm [2], was subsequently developed around the 40s with the contribution of various authors
especially in France, Italy, Greece, and the United States, e.g. [3–5]. Over the following decades, new and interesting results
again appeared, but it is above all that a more luxuriant flourishing of hyperstructures has been seen in the last 30 years.
Over the years hypergroups have been used in algebra, geometry, convexity, automata theory, combinatorial problems of
coloring, lattice theory, Boolean algebras, logic etc., see [6]. It is not surprising that hypergroups as well as hypergroupoids,
quasih¯ypergroups, semihypergroups, hyperfields, hyper vector spaces, hyperlattices, up to all kinds of fuzzy hyperstructures,
e.g. [7–10] have been studied in more than 900 papers so far.
Moreover, topological and algebraic structures in fuzzy sets are strategically located at the juncture of fuzzy sets,
topology, algebra, lattices, foundations of mathematics. They have these unique features: major studies in uniformities
and convergence structures, fundamental examples in lattice-valued topology, modifications and extensions of sobriety,
categorical aspects of lattice-valued subsets, logic and foundations of mathematics, t-norms and associated algebraic and
ordered structures.
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2. Preliminaries
Recall first the basic terms and definitions of hyperstructure theory—see [11,12,6,13].
Let H be a nonempty set and P∗(H) the set of all nonempty subsets of H . Then a hypergroupoid is a pair (H, ·), where
·:H×H → P∗(H) is a binary hyperoperation on the setH . If a ·(b ·c) = (a ·b) ·c for all a, b, c ∈ H (associativity axiom), then
(H, ·) is called a semihypergroup. A semihypergroup (H, ·) is said to be a hypergroup if the following reproduction axiom is
satisfied: a · H = H = H · a for all a ∈ H .
In the following, for A, B ⊆ H, A ≠ ∅ ≠ Bwe define as usual A · B = {a · b; a ∈ A, b ∈ B}. The notations aA and Aa are
used for {a} · A and A · {a}, respectively. Generally, the singleton {a} is identified by its element a. The notation A ≈ Bmeans
that the set Ameets the set B, i.e. A ∩ B ≠ ∅.
Assume that (G, ·) is a groupoid and τ is a topology on G. If the binary operation ·:G × G → G is continuous, the triple
(G, ·, τ ) is called a topological groupoid.
The continuity of operation ‘‘·’’ means that, for every O ∈ τ , the set
{(x, y) ∈ G× G : x · y ∈ O}
is open in G× G (endowed with ordinary product topology τ × τ ).
3. Main results
Inspired by the definition of the topological groupoid [1] we introduce the following notions.
Definition 1. Let (H, ·) be a hypergroupoid and (H, τ ) be a topological space. The hyperoperation ‘‘·’’ is called:
(i) pseudocontinuous or for short p-continuous if, for every O ∈ τ , the set O∗ = {(x, y) ∈ H×H : x · y ⊆ O} is open in H×H .
(ii) strongly pseudocontinuous or for short sp-continuous if, for every O ∈ τ , the set O∗ = {(x, y) ∈ H ×H : x · y ≈ O} is open
in H × H .
It is easy to verify that the hyperoperation ‘‘·’’ is p-continuous if and only if for any O ∈ τ and any pair (x, y) ∈ H × H
such that x · y ⊆ O there exist U, V ∈ τ , x ∈ U, y ∈ V such that u · v ⊆ O for any u ∈ U and v ∈ V .
Similarly, the hyperoperation ‘‘·’’ is sp-continuous if and only if for any O ∈ τ and any pair (x, y) ∈ H × H such that
x · y ≈ O there exist U, V ∈ τ , x ∈ U, y ∈ V such that u · v ≈ O for any u ∈ U and v ∈ V .
As the hyperoperation ‘‘·’’ is a mapping from H ×H toP∗(H) giving topologies on H andP∗(H)we can speak about the
continuity of ‘‘·’’. Unfortunately, if a topology is given on H , there is no standard straightforward way to generate a topology
onP∗(H). This leads to the following definition.
Definition 2. Let (H, ·) be a hypergroupoid, (H, τ ) be a topological space and τ∗ be a topology onP∗(H).
The hyperoperation ‘‘·’’ is called τ∗-continuous if the mapping ·:H × H → P∗(H) is continuous with respect to the
topologies τ × τ and τ∗.
Definition 3. Let (H, ·) be a hypergroupoid, (H, τ ) be a topological space and τ∗ be a topology onP∗(H).
The triple (H, ·, τ ) is called a pseudotopological or strongly pseudotopological hypergroupoid if the hyperoperation ‘‘·’’ is
pseudocontinuous or strongly pseudocontinuous, respectively.
The quadruple (H, ·, τ , τ∗) is called τ∗-topological hypergroupoid if the hyperoperation ‘‘·’’ is τ∗-continuous.
Nowwewill show that, given a topology τ onH , it is possible to find a topology τ∗ in such away that τ∗-continuitymeans
just p-continuity or sp-continuity, respectively.
First let us recall that a base B of a topological space (X, τ ), i.e. a family of open sets such that any O ∈ τ is a union of
sets fromB, has the following two properties [14]:
(B1) For any U1,U2 ∈ B and every point x ∈ U1 ∩ U2 there exists a U3 ∈ B such that x ∈ U3 ⊂ U1 ∩ U2.
(B2) For every x ∈ X there exists a U3 ∈ B such that x ∈ U3.
Conversely, any system of sets fulfilling (B1) and (B2) determines a unique topology τ on X such that this system is a
base of τ .
Further, a familyB of open sets S is called a subbase of a topological space (X, τ ) if the family of all finite intersections
U1 ∩ U2 ∩ · · · ∩ Uk, where Ui ∈ S for i = 1, 2, . . . , k, is a base for (X, τ ). Any familyS of subsets of X such that its union is
X serves as a subbase of a unique topology on X .
Lemma 1. Let (H, τ ) be a topological space. Then the family U consisting of all sets
SV = {U ∈ P∗(H) : U ⊆ V }, V ∈ τ ,
is a base of a topology τU onP∗(H).
Proof. Let SV1 , SV2 ∈ U , V1, V2 ∈ τ . Evidently, SV1 ∩ SV2 = SV1∩V2 as V1 ∩ V2 ∈ τ . Thus axiom (B1) of the base is fulfilled.
Further, H ∈ τ and SH = P∗(H), so axiom (B2) of the base is fulfilled, too. 
Definition 4. The topology τU on P∗(H) from the previous lemma is called an upper topology on P∗(H) induced by the
topology τ on H .
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Theorem 1. Let (H, ·) be a hypergroupoid and (H, τ ) be a topological space.
Then the triple (H, ·, τ ) is a pseudotopological hypergroupoid if and only if the quadruple (H, ·, τ , τU ) is a τU -topological
hypergroupoid.
Proof. Denote by ϕ:H × H → P∗(H) the mapping that assigns the product x · y to the pair (x, y). For an open set V ∈ τ
we have:
ϕ−1(SV ) = {(x, y) ∈ H × H : x · y ∈ SV }
= {(x, y) ∈ H × H : x · y ⊆ V } = V∗.
Therefore ϕ is continuous if and only if V∗ is open for any V ∈ τ , i.e. when ‘‘·’’ is p-continuous. 
Lemma 2. Let (H, τ ) be a topological space. Then the familyL consisting of all sets
IV = {U ∈ P∗(H) : U ≈ V }, V ∈ τ ,
is a subbase of a topology τL onP∗(H).
Proof. It is sufficient to verify that

V∈τ IV = P∗(H)which is evident as H ∈ τ and IH = P∗(H). 
Definition 5. The topology τL on P∗(H) from the previous lemma is called a lower topology on P∗(H) induced by the
topology τ on H .
Theorem 2. Let (H, ·) be a hypergroupoid and (H, τ ) be a topological space.
Then the triple (H, ·, τ ) is a strongly pseudotopological hypergroupoid if and only if the quadruple (H, ·, τ , τL ) is a τL -
topological hypergroupoid.
Proof. Denote ϕ:H × H → P∗(H) the mapping that assigns the product x · y to the pair (x, y). For an open set V ∈ τ we
have:
ϕ−1(IV ) = {(x, y) ∈ H × H : x · y ∈ IV }
= {(x, y) ∈ H × H : x · y ≈ V } = V ∗.
Therefore ϕ is continuous if and only if V ∗ is open for any V ∈ τ , i.e. when ‘‘·’’ is sp-continuous. 
In 1922 anAustrianmathematician Vietoris [15], see also [14, p. 162], defined a topology on the collection of all nonempty
closed subsets of a topological space (X, τ ). In the case of a compact connected metric space X this topology coincides with
the topology induced by the so-called ‘‘Hausdorff metric’’. Recently, this metric has again become important, for example in
fractal image compression.
His approach can be applied to the collection of all nonempty subsets of (X, τ ) as follows:
Lemma 3. Let (H, τ ) be a topological space. For any U1, . . . ,Uk, k ∈ N,Ui ∈ τ for i = 1, . . . , k, let us denote
V (U1, . . . ,Uk) =

B ∈ P∗(H) : B ⊂
k
i=1
Ui and B ≈ Ui for i = 1, . . . , k

.
The familyB of all sets V (U1, . . . ,Uk) forms a base of a topological space (P∗(H), τV ).
Proof. Let O1,O2 ∈ B, i.e. O1 = V (U1, . . . ,Uk),O2 = V (V1, . . . , Vl), where U1, . . . ,Uk ∈ τ , V1, . . . , Vl ∈ τ . Consider
X ∈ O1 ∩ O2. Thus
X ⊂
k
i=1
Ui ∩
l
j=1
Vj =

i,j
Ui ∩ Vj.
Let us denote by W1, . . . ,Wr those intersections Ui ∩ Vj which are not disjoint with X . Denote O3 = V (W1, . . . ,Wr).
Evidently X ∈ O3.
We will show that O3 ⊂ O1 ∩ O2. For any Y ∈ O3 we have Y ⊂ ri=1 Wi and Y ≈ Wi, i = 1, . . . , r . Thereforer
i=1 Wi ⊂
k
i=1 Ui.
Choose an arbitrary but fixed Ui, i = 1, . . . , k. Then there exists j ∈ {1, . . . , l} such that Ui ∩ Vj = Ws for an appropriate
s ∈ {1, . . . , r}. In fact, as X ≈ Ui there is a ∈ X ∩ Ui. Further V1, . . . , Vl cover X so there exists j such that a ∈ Vj. Therefore
X ≈ Ui∩Vj = Ws. Now Y ≈ Ws ⊂ Ui, so Y ≈ Ui, whichmeans that Y ∈ O1, i.e. O3 ⊂ O1. Similarly O3 ⊂ O2, so O3 ⊂ O1∩O2.
Therefore axiom (B1) is fulfilled.
As H ∈ τ we have V (H) = P⋆(H)which proves axiom (B2). 
Definition 6. The topology τV from the previous Lemma is called a Vietoris topology onP∗(H).
Lemma 4. Vietoris topology τV is the lowest common refinement of upper and lower topologies τU and τL .
Proof. It is well known that if τ1, τ2 are topologies on a set H with subbasesB1,B2, thenB1∪B2 is a subbase of a topology
τ , which is the lowest common refinement of τ1 and τ2.
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Wewill apply this result to the (sub)basesU andL . Denote C the base corresponding to the subbaseU ∪L . The system
C consists of three types of sets:
1. SV1 ∩ SV2 ∩ · · · ∩ SVk = SV1∩V2∩···∩Vk = SV , where V = V1 ∩ V2 ∩ · · · ∩ Vk, and V1, . . . , Vk ∈ τU , k ∈ N.
2. IU1 ∩ IU2 ∩ · · · ∩ IUl , where U1, . . . ,Ul ∈ τL , l ∈ N.
3. SV1 ∩ SV2 ∩ · · · ∩ SVk ∩ IU1 ∩ IU2 ∩ · · · ∩ IUl = SV ∩ IU1 ∩ IU2 ∩ · · · ∩ IUl , where V = V1 ∩ V2 ∩ · · · ∩ Vk, V1, . . . , Vk ∈
τU ,U1, . . . ,Ul ∈ τL and k, l ∈ N.
As H ∈ τU ∩ τL and SH = IH = P⋆(H), we can limit only to the type 3.
We will show that C = B. There is
SV ∩ IU1 ∩ IU2 ∩ · · · ∩ IUl = V (V , V ∩ U1, . . . , V ∩ Ul) ∈ B,
thus C ⊂ B. On the other hand
V (U1, . . . ,Ul) = SU ∩ IU1 ∩ IU2 · · · ∩ IUl ∈ C ,
where U = U1 ∪ U2 ∪ · · · ∪ Ul. ThereforeB ⊂ C . 
This leads to the following result:
Theorem 3. Let (H, τ ) be a topological space and (H, ·) be a hypergroupoid.
The triple (H, ·, τ ) is both pseudotopological and strongly pseudotopological hypergroupoid if and only if the quadruple
(H, ·, τ , τV ) is a τV -hypergroupoid.
Some examples can be found in e.g. [16,17].
4. Conclusions and future work
In [1] the concept of topological hypergroup is introduced in the same way as we defined topological hypergroupoid—
see Definition 3. To call such a structure a topological hypergroup seems to be problematic because in the case of an
ordinary group we obtain only a group with continuous binary operation which does not correspond to the usual concept
of topological group, where also the mapping x → x−1 is supposed to be continuous. Probably a better way to define
a topological hypergroup can be based on the concept of right and left extension a/b and c \ d which are defined in the
following way (compare e.g. [18,19]):
a/b = {x ∈ H : a ∈ x · b},
d \ c = {x ∈ H : c ∈ d · x},
where (H, ·) is a hypergroupoid. Some examples can be found in [18].
It is well known that the validity of the reproduction axiom is equivalent to the nonemptiness of a/b and c \ d for any
a, b, c, d ∈ H .
Thus a more convenient definition of pseudotopological, strongly pseudotopological hypergroup and τ∗-topological
hypergroup should be as follows:
Let (H, ·) be a hypergroup and let (H, ·, τ ) be a pseudotopological, strongly pseudotopological hypergroupoid,
respectively. Then (H, ·, τ ) is called a pseudotopological, strongly pseudotopological hypergroup if a/b and c \ d are
pseudocontinuous, strongly pseudocontinuous hyperoperations, respectively.
Let (H, ·) be a hypergroup and let the quadruple (H, ·, τ , τ∗) be a τ∗-topological hypergroupoid. Then the quadruple
(H, ·, τ , τ∗) is called a τ∗-topological hypergroup if a/b and c \ d are τ∗-continuous hyperoperations.
The realization theorem [20, Chapter IV], which characterizes such set transformations, which centralizers are identical
tomonoids of closed continuousmapping in suitable topologies on these sets, can be extended equivalently by the condition
of equality of mentioned centralizators with monoids of good endomorphisms of commutative hypergroups on the carrier
sets of these transformations.
The hyperstructures play a parallel role as a topology in the mentioned realization theorem. This theorem could be even
generalized to polyunar algebras.
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